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Abstract

We consider a class of multidimensional maps which naturally generalize the
QRT map of the plane. Our 2n-dimensional maps are volume preserving and
have n rational invariants, but we do not generally have a symplectic form.
However, many specializations and reductions are integrable, some of which
we present. Included in these are some new four-dimensional generalizations
of the McMillan map.

PACS numbers: 02.30.1k, 45.05.+x

1. Introduction

The largest family of integrable mappings in the plane, known to date, was constructed by
Quispel, Roberts and Thompson [9]. These mappings are rational and depend upon 18
parameters, possess an invariant which is fractionally bi-quadratic and are measure preserving
(and therefore symplectic). The QRT family can be ‘integrated’ in terms of elliptic functions.

There are algebro-geometric arguments [12] which suggest that the QRT map is the most
general bi-rational map of the plane which can be parameterized in terms of elliptic functions,
but there are still attempts to find integrable mappings of the plane which do not fall into the
QRT class [13].

On the other hand, there is no classification of higher dimensional, integrable mappings,
but a number of interesting examples have been published in recent years. In [3], Capel
and Sahadevan constructed a four-dimensional symplectic map with a rational four-quadratic
integral. The symplectic form is non-constant and in general their map has only one integral.
However, by further reduction, they were able to relate their maps to lattice versions of the
MKdV and sine-Gordon equations, with a Lax representation, and thus find a second integral,
which was in involution with the first. The same approach was later used by latrou [5], who
obtained a different four-dimensional map, with a constant symplectic form, together with
various higher dimensional ones, also with Lax representations.
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In this paper, we present some different higher dimensional generalizations of the QRT
maps. Our starting point is a number of vector equations analogous to those introduced by QRT
(see (2)). These give rise to pairs of non-commuting involutions, which may be composed
to form 2n-dimensional, multi-parameter maps with n or more invariants (first integrals)
and, furthermore, are measure preserving. Without further structure it is not possible to say
anything about the integrability of our maps. On the intersection of level surfaces of the n first
integrals, each map reduces to an n-dimensional, reduced map, but generically has no further
structure. It should be pointed out that it may not be possible to write the n-dimensional maps
explicitly (since this involves solving a collection of polynomial equations in several variables)
and that, even when this can be done, the resulting map would not generally be rational, but
algebraic.

By imposing some symmetry constraints on our choice of vectors (generalizing X and Y
of the QRT construction) and on the choice of parameter matrices (generalizing Ay and A; of
the QRT construction), we derive integrable subclasses of our general maps. In particular, we
derive some new 4D generalizations of the McMillan map (see section 3.1). In other cases
(see section 3.2) an additional first integral leads to a degenerate Poisson bracket, which can
then be reduced to lower dimensions and hence to integrability.

Before introducing our maps, we first discuss some of the additional algebraic properties
which can be used to deduce integrability.

The Liouville theorem. Veselov [12] extended the usual Liouville theorem to the context of
maps. A 2n-dimensional symplectic map with n (functionally independent) involutive first
integrals is integrable, reducing to a simple shift on the torus (intersection of level surfaces of
first integrals) when written in action-angle variables. The n commuting continuous flows on
the torus are continuous symmetries of the map.

Commuting maps. Veselov also discusses another definition of integrability in [12]. In
analogy to the ‘symmetry approach’ in the theory of integrable nonlinear evolution equations
(see [7] and references therein), Veselov defines a map to be integrable if it commutes (under
the operation of function composition) with another, requiring that their orbits are disjoint
(discounting, for example, the commutativity of a map and its double iteration). This was
inspired by the work of Ritt [10].

Additional first integrals. With additional integrals, the phase space reduces to less than n
dimensions. In the case of measure preserving maps with 2(n — 1) integrals, we can build a
degenerate Poisson bracket with 2(n — 1) Casimir functions, reducing the map to being two
dimensional and symplectic. With 2n — 1 integrals, this two-dimensional symplectic map is
integrable.

Decoupled or triangular systems. A map may decouple into integrable sub-maps in a variety
of ways. A direct sum of integrable maps (acting on the Cartesian product of phase spaces) is
trivially integrable. Some of our examples are triangular, meaning that 2k variables satisfy a
self-contained integrable map with these 2k variables acting as parameters in the map satisfied
by the remaining 2(n — k) variables (see example 3.2 and equation (24)). The integrability of
the whole map rests upon the integrability of the second part. In our examples this integrability
holds.

Integrability up to quadrature? It should be noted that none of these definitions of integrability
entail such notions as ‘integrability up to quadrature’ that we have for ordinary differential
equations.
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2. The general construction

In this paper we present some generalizations of the QRT map, giving a construction of a family
of 2n-dimensional maps, possessing n independent first integrals. Integrable subfamilies are
presented in later sections. The general construction directly mirrors that of QRT in two
dimensions, so we first describe this case.

2.1. The QRT map of the plane

Consider the vectors

x? y? fiy) g1(x)
X=|x]. Y=|Vy]. f=1,0]. g=|&%® ], ey
1 1 ) g3(%)
together with the equations
X-(fxX)=0, Y-(gxY)=0, (2)

where the ‘tilde’ refers to vectors of the same form, but written in terms of the variables X
and 3. These equations are quadratic in x, X (respectively y, ¥), but possess factors (¥ — x)
(respectively (3 — y)), so can be solved for X, y in rational form:

= 1) —xHO) 5= g1(%) — yg2(X) 3)
L) = xf3(») £(%) — yg3(¥)
The vectors f and g have special form
f=(A)Y) x (4,Y), g=(A{X) x (A]X),
which, when inserted into (2), along with the use of a standard vector identity, leads to
XTA)Y XTAgY XTA0)Y XTAgY
= = an = = =
XTAY XTAY XTAY XTA)Y
from which the following integral is deduced:
Iy = 2 A ith 1(%,5) =1(x,) @)
xX,y) = ————, wi xX,y)=1(x,y).
y XTA,Y y y

The 18 parameters of the map and the integral are just the matrix coefficients of Ag and A;.
An important property of the QRT map is that it is reversible, meaning that it can be written
as the composition i, o i} of two involutions:

. i) —xf() i=ux,

X=—-———"—/—"", ~ ~
tr: S2(y) —xf3(y) t: 5= 81(%) — yg2(X)

y=y, g (X) — yg3(X)’

with L% = L% =id.

2.2. A degenerate case

When the parameter matrices A; take the special form

0O 0 O
Ai=|0 & &1,
0 A
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we have f, = f3 = g» = g3 = 0, so the QRT map (3) is ill defined. However, the integral (4)
is still defined and takes the form
goxy + Aoy + 50X + Lo
I(x,y) = .
g1xy + Ay +&1x + 1

(&)

By considering the two equations I (¥, y) = —I(x, y) and I (x, ) = —1I(x, y), we obtain the
two involutions:

x:_cl(b0x+00)+co(b1x+cl) i=x,
0 bi(box + co) + bo(bix +¢1)’ vy Jileoy+ fo) + folery + f1)
y=y r= er(eoy + fo) +eolery + f1)
where

bi & &\ (Y e & i) (X T
= = AiY’ = = A X

(Ci) (M Mi) (1) (f,) (51' Mi) (1) '
With these definitions, 7 (x, y) can be written as

ey + fo
or I = ,

ey + fi

depending upon which involution we are dealing with. The involutions can then be written as

box + co

bix + ¢

_aK+c _ay+p ¥ =x,
0 biK+by yiy+8 iy JiK+fo ax+p

)N} Y, - €1K+€() B y2x+62’
where K is the numerical value of the integral 7 (x, y) for a given orbit and «;, etc, are just
combinations of ¢;, etc, and K. By solving I (x, y) = K for y (in the case of () or for x (in the
case of 1), each of these involutions reduces to a fractionally linear map of one variable and
is thus exactly solvable.

=
I

2.3. The 2n-dimensional generalization

We build mappings of a 2rn-dimensional space, with coordinates x;, y;, i = 1, ..., n. Consider
the set of 2N vectors, with N = %nz(n +1),

g XiXj 3 Yiyj
X/ = x |, Y/ =| » |, i,jk=1,...,n. (6)
1 1
From these we choose 2n vectors X;, Y;,i = 1, ..., n, with which we form the equations
X;-(f x X;) =0, Y- (g xY;) =0, (7
where the vectors f;, g; are defined by
Sz 83i-2 ~ ~
fi = | fauio1 | = (AY)) x (AnY)), g = | i1 | = (AL Xi) x (A]X). (8)
f3i 83i

As in the case of the QRT map, the matrices A;o, A;; are the source of the 18n parameters in
the map. The maps obtained in this way have »n integrals, given by

X{ Ao Y

—_, with (X, ¥) = [ (X,y), k=1,...,n. ©)]
XZAlek

Ik(x’ Y) =

There are y C, choices of the vectors X;;j (and a symmetric choice of Y;;j ), each giving either
a map or a 2—1 correspondence, but they fall into equivalence classes under the action of the
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permutation group S, of n symbols. Generally, we discard the correspondences, concentrating
on the maps, which are bi-rational. Furthermore, for each n, only some of these maps are
genuinely new, since many of them decouple into lower dimensional maps or into triangular
form. Nevertheless, this construction gives rise to an interesting array of new maps of
2n-dimensional space with n or more integrals. Many subcases are integrable and we have
not yet detected any non-integrability.

As with the QRT construction, we generally construct pairs of non-commuting involutions,
which are composed to form nontrivial infinite order maps, which are therefore reversible.
For special choices of parameters, the maps can be of finite order, in parallel with the usual
QRT map (see [11]).

3. Four-dimensional maps

Here, with n = 2, we have N = 6, giving us 15 possibilities, which fall into nine equivalence
classes under the permutation group S,. The choices {X“, X%Z} {X%l, X%z}, {X}2 Xéz} are
symmetric under S,. The first is just a pair of uncoupled QRT maps and the second a 2—-1
correspondence. The third case is our example 3.1. Of the remaining 12 choices, 6 are 2—1
correspondences and 6 bi-rational, one of which is given in example 3.2.

Example 3.1 (with vectors X!? and X1?). With this choice, the 36-parameter family of maps
takes the form

%= (f1 = x2 f2)(fa — x1X2 fo) % = (fa = x1 f5)(fi — x1x2 f3)
(fs — x2f6)(fi — x1%2.3) (f2 = x1 f3)(fa — x1x2. fo)

(10
. (81— 282)(84 — y1)286) . (84— y185)(81 — y1)283)
Y1 = B Y2 = )
(85 — ¥286)(81 — ¥1Y283) (82 — y183)(84 — y1)286)

where f;(y) and g;(X) are given by (8). This map has the two integrals I}, I, given by (9), is
measure preserving with the density

1
X{AloYl) (XZTAzle) '

and is reversible, since it can be written in the form ¢, o ¢;, where the involutions ¢ are given
by

m(xy, X2, y1, y2) = ( (11)

3 — (ft — x2f2)(fa — x1%2.f6) % — (fa —x1f5)(fi —x1x2./3)
T (s fo (i - xxfy)] 2T xa ) (fa—xixafe) (12)
yi =1, Yo = y2,
X1 = x1, X = X,
iy (81— y282)(84 — y1y286) - (84— 185)(81 — y1)283) (13)
Y1 = , Y2 = .
(85 — 286)(&1 — y1)283) (82 — y183)(84 — Y1Y286)

Each of these involutions anti-preserves the above measure.

The vectors X;, Y; of this example are symmetric under the permutation 1 <> 2. For the
map (10) to have this symmetry, we must restrict the vectors f; so that f; = f,, which means
that the matrices Ay; must satisfy Ajg = Ajpand Aj; = A,;. Under these restrictions, the map
is invariant and the integrals interchange under the above permutation, which corresponds to
a simple evolution of phase space, given by

X1 = x2, X =x1, 1=y, 2 = y1. (14)

The maps (10) and (14) commute and I; <> I, under the latter.
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This symmetrically coupled map reduces to the QRT when (x5, y,) — (x1, y1).

Example 3.2 (with vectors X!! and X1?). With this choice, the 36-parameter family of maps
takes the form

= (f1— lez)’ 5= (fa — x1f5)x2 ’
(fa—x1/3) fa—X1fs+ @ —x)x2 f6

5 — (&1 — ylgz)’ 52 = (84 — y185) )2 ’
(82 — ¥183) 84— Y185+ (1 — ¥1)¥y286

where f;(y) and g;(X) are given by (8). Once again, this map is measure preserving and
reversible. This consists of a self-contained QRT map of the (x;, y;) plane, weakly coupled
to a rational map of the (x,, y,) variables, with coefficients which depend upon (x;, y;). The
two integrals split in a similar way. The first integral /; is just the original QRT integral, as
follows from the choice of X, Y;. On the other hand, the second integral takes the form

I C1X2yr + Coxp +C3yr +C4
2 = s
dixays + dpxy + d3yr +dy

where c¢;, d; the are polynomial functions of the variables x;, y;. Using the argument following
the integral (5) of the degenerate case of the QRT map, we solve I, = K for y; to give the latter
as a fractionally linear expression in x,, with coefficients depending upon x, y;. Substituting
this into the expression for X, gives a simple fractionally linear formula:

N Ax> + B
'x2 = —5
C)CZ +D
where, once again, A, ..., D are the polynomial expressions in xy, y;. In summary, we have

that x;, y, evolve by a pair of fractionally linear maps, whose coefficients depend upon the
solution of the QRT map, which is itself integrable, so our triangular map is integrable.

3.1. Four-dimensional analogues of the two-dimensional McMillan map

It is also possible to create four-dimensional generalizations of any of the standard reductions
of the QRT map. These are produced by special choices of the parameters in the matrices
(Ao, A;1). By choosing the matrices as

1 0 -b 0 0 0
A10=A20= 0 —2u 0 , A11 =A21 ={0 0 O ,
-b 0 b? 0 0 1

we obtain coupled McMillan type maps, the specific form depending upon the choice of
vectors X;, Y;.

We would normally have » = 1, but in the next example we also wish to consider the
reduction with b = 0.

Example 3.3 (The symmetrically coupled map). Symmetrically coupled map of example 3.1
reduces to

=

1= Y1, X2 =y,

X2)2 20y; . X1y 2ay; (15)

1= - — = - —

Y b—yiy 2 b—yiy’

<

with integrals

I = (b —x1x2)(b — y1y2) — 2ax1y1, L= b —x1x)( — y1y2) — 2ax2y;. (16)
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This map is volume preserving. This is different from the four-dimensional generalization
which arises through periodic reductions of the lattice KdV equation (see [4]) and is a particular
case of the map (10), subject to the restrictions that it commutes with the involution (14).

Defining the first integral K = %(Iz — I1) = x1y1 — x2y2, we consider the reduction
of the map to the three-dimensional manifold defined by the level surface K = k. First, we
rewrite the four-dimensional map as

X1 =y, X2 = y2,
17

Using the first two of these to replace y;, this map is canonical, with generating function

X2

S = x1X| + x2% + klog (
X1

) — 2 log(b — X1 %).

Remark 3.1. The map (17), with @ = 1, k = 0, occurs in [1] (equation (3.38)) in the context
of a stationary, discrete NLS equation, possessing a Lax pair.

Now use y, = x‘f( ‘;k to reduce the map to three dimensions
g . xn—k - k 20(xiy1 — k)
X1 =y, h=—", i=-xt+——— ", (18)
X2 i bxo+kyr — x1y5

with degenerate symplectic form

0o -2 1
X2
n X1
w = X2 0 X2
-1 =x 9

In these coordinates

! (b — x1x2) (bxy + kyr — x17)
1:

—2ax1y1
X2

and I, = I + 2ak is redundant. The null vector of w is n = (—xy, X3, y1), which satisfies
n - VI; = 0 and is transformed to —n under the map (18). This means that the integral curves
(as unparameterized geometric curves) are invariant under the map, so the three-dimensional
space separates. We may adapt coordinates to the vector field (using the invariants of n as
two of them) to obtain

u = Xx1xz, V= XY, w =y, so n=(0,0,w),

and the map becomes

. vlv—k) o (k=v)(bu+ Qa+k—v)v) B ]
= —7", U= , w=—.

u bu + (k — v)v w

We see that the u—v plane is invariant and also that
o Lo
b —u)(bu + (k — u
=W EZIY oy ad w=[-1 0 0
! 0 0 0

This means that the three-dimensional map is triangular, with the two-dimensional map of
the u—v plane having a first integral and being measure preserving, rendering it completely
integrable.
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Canonical coordinates are x = u, y = 5 in terms of which the two-dimensional map is
b+ Qa+k)y— xy?
y(b +ky — xy?)

X =ykxy—k), y = (19)

and

-1 0

We may construct the particular matrices Ay and Aj, such that the corresponding QRT map
has the integral 7;. We have

I = (b —x)(b+ y(k — xy)) — 2axy, a)=<0 1).

1 0 0 000
Ao=|-b —20—k -b|, Ar=(0 o o],
0 bk b2 00 1

and

b(1+y?) + Qa+k)y — xy?
y? ’
xy4(xy — 20 — k) + by2(2ot +k—yQ2x —ky+ xyz)) + bzy(y2 +1)
b+ QRa+k)y —xy)(b(1+y2) + Qa+k)y — xy?) '
The maps (19) and (20) commute.

All of our coordinate changes are bi-rational, so from the solution of the map (19) we can
reverse our steps to obtain the solution of the original four-dimensional McMillan map (15).

X =
(20)

The case b = 0. We now consider the case of (15) with the condition that b = 0:
- - . 2a—xaym . 2a—xiy
o X=y X2 = y2, yi=—-, Vo= ——7, (21
» »2
with integrals
I = x1y1(x2y: — 2a), L = xy2(x1y1 — 20). (22)

Whilst all of our previous formulae hold in this case, we now find that ¢ preserves the
four-dimensional Poisson matrix
20—x1y1 »2
0 X i
P= <—XT 0) , where X = (2“ o V11> . (23)
X1

‘We have
¢.P =P, Liop=I, (I, LY = (VI)"PVI, =0,

so the map ¢ is Liouville integrable in the four-dimensional space.

However, it is also possible to reduce this Poisson bracket to three and then to two
dimensions. We again define K = x;y; — xy, and write the Poisson matrix Px of the
coordinates (x;, yi, K, x2):

0 20—x1y1 KQa+K—2x1y1) 0
20+K —x1y1 yi Qu+K—x1y1)
__2a—x1y 0 _ KQa+K—2x1y1) _ X
20+K —x1y; x1 Qe+K —x1y1) X1
Py = |  K@a+k—20y) KQa+K—2xy) 0 0
V1 Qa+K—x1y1) x1(2o+K —x1y1)
0 o 0 | 0

X
This Poisson matrix is invariant under the mapping (when written in these coordinates)
20+ K — x10 x1y1—K>

K?
Y1 X2

ora(x1, y1, K, x0) = (Yh
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and the 3 x 3 block, P; is invariant under the three-dimensional reduction ¢;3(x1, y;, K). This
map has integrals I} = x;y,(x1y; — K — 2«) and K (with I, = I} + 2a¢K), and the Poisson
matrix P3 has Casimir function C = 1—K1 On the symplectic leaves C = s, the map and Poisson
matrix reduce to

(i 91) = sQa —x1y1) P, — 0 1+ 50
PRI = Gy ) \emr 0 )

On this manifold, the integral takes the form

sx1y1(x1yr — 2a)
X1y +s ’

I =

Whilst it is possible to explicitly construct canonical coordinates, we have not managed to
find ones for which the map and integral take rational form.

Example 3.4 (The weakly coupled map). The weakly coupled map (3.2) reduces to

X =y, X2 =y,
51 =y 20 5, = _ (173D @ay: + 21l —y1y) 24)
1= =X — ) 2= — ,
1—yj 2(yr — y2) +x1(1 = yP) (1 = y1y2)
with integrals
— 2 2 —

L= (1=x)(1=y]) =20y, L= =xx)( =y - 2axn, (25)
where we have put b = 1 in the matrices A;9. This map preserves the measure with density
m = ——. This map is integrable in the same way as example (3.2) and is a much simpler

X1X2

calculation, since the formula ¥, = y, immediately becomes fractionally linear in x, upon
solving I, = K for y,. This time x;, y; are solutions of the usual McMillan map.

3.2. Four-dimensional maps with three first integrals

Consider again the symmetrically coupled map of example 3.1. We now restrict to the
24-parameter subfamily defined by the matrices

a; B O ay Pu O
Ay=10u € &Gul, Ay =\ Bu e &G, i=0,1
0 Cu wmy 0 Ay o

This choice leads to a symmetry of the integrals I, I under the exchange x; < y;:
I (x1, X2, Y1, ¥2) = I (y1, X2, X1, ¥2), which are therefore invariant under the involution

t X =y, X2 = x2, 1 =x, 2 =y (26)

Composing the involution ¢; of (12) and ¢, we obtain the four-dimensional map ¢ = ;] o ¢}
which possesses three integrals (the third being y,). In this way the map reduces to three
dimensions, possessing two integrals, /1 and I, with y, acting as a parameter.

Since the map is measure preserving, we may use one of these integrals to construct a
degenerate Poisson bracket (see [2]), which thus reduces to the level surfaces of its Casimir
function, which are symplectic leaves. In this way the mapping is two-dimensional, symplectic
and possesses one first integral (the other having been the Casimir function), so is integrable.
In fact, we may use either of the two integrals (or even any function of them) to carry out this
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construction. Starting with any first integral / and the volume element (with density (11)), we
make the following contraction:

d d B
Q=|\m—AN—An—)adI
dx;  dxp  dy

_<818 a ol 0o 8+818 8)

— — A N — N —
ayl 8x1 3)62 8)62 Bxl 3y1 Bxl 8x2 Byl

This is degenerate, with [ as its Casimir function. Since both the volume element and the
function / are invariant under the action of the map, so is 2. A second invariant function
then generates a continuous symmetry of the map. In particular, we write £2; to represent the
Poisson bi-vector (also the corresponding matrix) with Casimir /; and write the continuous
symmetry in bi-Hamiltonian form:

0=Q,VI, VL = -, VI, VL =0. 27)

When reduced to the two-dimensional symplectic leaves, the map reduces to the standard QRT
map of the plane.

The explicit form of these calculations is complicated for the general set of parameters,
so we consider a simple example with polynomial first integrals by choosing

0 0 0
Aqn=10 0 O
0 0 1

With the given form of the matrices Ao, the integrals are
Iy = pao + Sro(x1 + y1) + x1y1(@iox2y2 + Broxz + 810y2 + €10),

Iy = oo + a0x2 + Aoz + Xoya(@20x1y1 + Bao(X1 + y1) + €10).

The three-dimensional Poisson matrix €2;, written in terms of the coordinates x1, yi, Ii, is

0 —x1y1(Bro +arpy2) 0
Q =m | x;y1(Bio +a10y2) 0 0
0 0 0

With formula (11), we see that in this case m = I, so we may omit it.

Elimination of x,. On the level surface I; = s we can eliminate x; to obtain a rational map
in xy, y;, with parameters y,, s, as well as those of the matrices A;(, and the integral I, takes
rational form. We may build the QRT map of the x;—y; plane with this integral and this turns
out to be the double iteration of our map. This is best illustrated by choosing very specific
examples of the matrices A;o, such as

0 1 0 0O 1 O
Ap=1[-1 0 1], Apy=1]1 0 1
0 1 0 0 -1 0
The map is then
(s —yDOiy+1)
@(x1, y0) = | y1, ,
x1y2(0y2 — 1)

and the first integral

(s —x1—yDd+ &1 +y)y2)
L = 1 l SRR +(x1+1)y3.
X1)1
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This first integral corresponds to a QRT map of the plane with matrices

0 y% -y 0 0 O
Ay = y% =2y, sy—1], Air=10 1 0
—y2 sy2—1 s 0 00

The corresponding QRT map is the composition j, o j; of the two involutions:
(s —yDiy+1D ) (s —xl)(x1y2+1)>
) .
xiy2(1y2 — 1) yiya(x1y2 — 1)

It can be checked directly that j, o j; = ¢ o ¢, but that ¢ does not commute with either of
these involutions.

Ji(x1, y1) = ( Jo(x1, y1) = <x1,

Elimination of y;. On the level surface I; = s we may, as an alternative, eliminate y; to obtain
a rational map in xi, xp, with parameters y,, s, as well as those of the matrices A;o, and the
integral I, again takes rational form. With the same choice of A}y, Ay as above, we obtain

s — X (sy2 = 1 —xpx2) (1 +sy2 + x1 (1 + x1y2) (X2 — yz)))
L+x1(0— ) (s —x) (1 + 5y, +x1(x2 — 2y2)) '

o(x1, x2) = (

B X (1 +x1x2) + (xlzxg —2X1X2 + 8Sxp — l)yz +x1(1 — )cl)cz)yz2
L+x1(x2 —y2) .

We may calculate the matrices Ag and A; for which this I, is a QRT integral in the x;—x,
plane. It turns out that the QRT map is exactly our map ¢(x1, x2).

2

4. Higher dimensional maps

Whilst the general construction of section 2 can be carried out in any dimension, the explicit
formulae become complicated for general parameters, so it is more profitable to choose
interesting reductions, such as the coupled McMillan maps of section 3.1 or that of section 3.2.
An additional problem is that of finding an appropriate symplectic form, since we have no
general construction for this.

To illustrate this without filling the paper with too many unwieldy formulae we just present
one simple example, and even here specify simple numerical values for all the (in this case)
63 parameters.

Example 4.1 (six-dimensional maps with five integrals). Consider the choice of vectors
X2, X2* and X3!, giving rise to the map

% = (fi = x2.2) (x1%2x3 fo fo — x1x0x3 fo fs — x1x3(fafo — fs f3) — x3.fs fr + faf7)
(fs — x3f0) (x133x3 f3 fo — X1x2x3 f3 fs — xax3(f1 fo — fofs) — Xafofa+ fifa)
= (fs — x3.f5) (x{x2x3 f3 fo — x1x0x3 fo fo — x1%2(fa fs — f3f2) — x1 fi S + f1f7)
(o — x1 £3) (x1x2x3 fo fo — x1x0x3 fo fs — xix3(fafo — fs fs) — X3 fsfr + fafr)
4y = = (fr = x1fo) (x1x3x3 3 fo — X1x0x3 f3 fs — x0x3(f1 fo — fofs) — Xafofa+ fifs)
(fs — x2fo) (x{xaxs f3 fo — xixaxs fo fo — xixa(fs fr — fofs) — xififs + fifr)’
yi =y
Y2 =y,
V3 =3




10784 A P Fordy and P G Kassotakis

The 63-parameter involution corresponding to the choice of matrices

a; B O @y Bau Vi
A= |0y €u tu |, Ay = |6 € & |,
0 ¢u pu K2i A2 M2
a; Bs O
Az = | B e G |, i=0,1
0 Az pa

has integrals 1;, I and I3 of the form (9), which possess the discrete symmetry 1 <> 2, making
them invariant under the second involution

X =y X =x X3 =x3 yi=x V2= V3 =ys.

Composing ¢; and ¢;; we obtain a six-dimensional mapping ¢ = ¢;; o ¢; with five integrals
(the fourth and fifth being y, and y3). By considering y,, y3 as parameters, we have a four-
dimensional measure preserving mapping with three integrals. The formula for the measure

18
1

X{AIOYI) (X2TA21Y2) (XgAgng) '
Following the approach of section 3.2, we build three degenerate Poisson tensors.
Choosing any two first integrals /, J, we have

m(xy, Xz, X3, y1) = ( (28)

0 0 d
QU,J)y=\m— AN —AN— A —|adl_dJ,
0x;  dx; Odx3 Oy
giving
1 al aJ ol daJ d 0 al daJ ol daJ d d
QL= ]—- "N—+|———— | — A —
m dy; dx3  dx3zdy; /) dx;  0xp dx2 0y, dy; dx J 0x;  0x3

8)(3 8x2 8x2 3)(3 8x1 Byl 8x1 Bxl ayl BJC3

Jr818] al aJ 8A8+818J al aJ /\8
8x1 3)63 8)63 8x1 axz 8y1 8x2 8)61 8x1 axz 8)63 8y1'

This has rank 2, with two Casimir functions, / and J. With (i, j, k) being a cyclic permutation
of (1,2, 3), we define the three degenerate Poisson tensors

al aJ al aJ d d al aJ al aJ d d
f————— ) — A — [ —— - — )| — A —
dy 0x2
d

Q' = QU I).
Using the same symbol to denote the Poisson matrix, we have the following relations:
Q'VI; =0, i#j and Q'VI = Q*VIL, = Q*VI;. (29)

Since the integrals and the volume element are invariant under the action of the mapping, so
are the three Poisson matrices. The tri-Hamiltonian flow of (29) is a continuous symmetry
of the map and the trajectory is just the intersection of the five integrals in the original six-
dimensional space. Since each Poisson matrix has rank 2, the four-dimensional manifold
defined by (x1, x2, x3, y1) can be foliated by the two-dimensional symplectic leaves of the
Poisson matrix, these being the level sets of the pair of Casimir functions.

To illustrate this construction, we consider a special case of the parameter matrices:

0 1 0 1 00
Aw=[-1 0 1], An=|0 1 0],
0 1 0 00 1
0 1 0 000
Ap=[1 0o 1], An=1[0 0 o],
0 -1 0 00 1
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fori =1, 2, 3, leading to the integrals
L =x1+ y1+x191(02 — y2), L =1+ xy(1+x3y3),
I3 = x3 — y3 + x3y3(x1 + y1).

We only give the explicit expression for one of the Poisson tensors:

Q% = (1+x125 — X1 y2) (1 + X134 y1Y3)0, A Oy, + X1X391 Y305, A Oy,

—x1y1(L+x1y3 + y133)0x, A Oy, +x3y3(x1 — ¥1) (X2 — y2)0x, A Oy,
+(L+x2y1 — y192) (1 + Xx1y3 + ¥1¥3)0x, A Oy, + X1X3Y1Y30x; A Dy, -

On the level surfaces of its Casimir functions, I} = r and I3 = s, we may eliminate x,, x3 to
obtain a rational map ¢, (x;, y;) of the plane:

i«

=)

_ (r =y (I +x1y3+ y1y3)(1 + y3(s + y1 + y3))
yir —r+y3((s — r +y1) (X1 + y1) — sx1y1y2 — r8) + y3(x1 + y1 — X1y1y2 — 1))

1
With respect to these coordinates, the integral I, (up to an additive constant) takes the following
rational form:

Vo(r —x1 — y1 +x19192) (1L + y3(s + x1 + y1 +y3))
x1y1(L+x1y3+y1y3) '

L(x1, 1) = (30)

To reduce the Poisson matrix of 2 to this manifold, we write it in terms of the coordinates:
(X1, y1, 1, 8)

0 xiy(L+ (g +yDy3) [0 0
Q? — —x1y1(1+ (x1 +y1)y3) 0 0 0
0 0 0 0
0 0 0 0

Once again, we can calculate the QRT map of the plane which corresponds to the integral
(30). Once again this is just the double iteration of ¢, (x;, y;), even though this map does not
commute with either of the constituent involutions.

Further discussion and examples of higher dimensional maps can be found in [6].

5. Conclusions

In this paper, we have presented an interesting class of maps of 2n-dimensional space,
possessing n first integrals. When n = 1, this is just the QRT map and the construction
for general n is a direct generalization of the QRT construction. We have no general proof of
the integrability of our maps, but have presented several integrable subclasses. Currently, we
have no general technique of constructing an invariant symplectic form, except in the super-
integrable case, with 2n — 1 invariant functions. However, we believe that there are many
integrable cases hidden within this family. Furthermore, to each of our maps it is possible to
follow the procedure of Quispel [8] to obtain a corresponding alternating map, whose square
is our generalized QRT map.

A natural question is how to isolate and classify integrable cases of our maps and this
is the most important task for the future. An efficient proof of integrability would be the
construction of a symplectic structure, which is also an important task for the future.



10786 A P Fordy and P G Kassotakis

Acknowledgments

We thank Frank Nijhoff for valuable discussions. PGK thanks the EPSRC for his studentship.

References

(1]
[2]

[3]
[4]

[3]
[6]
[7]

[8]
[9]

(10]
[11]
[12]
[13]

Bruschi M, Ragnisco O, Santini P M and Tu G-Z 1991 Integrable symplectic maps Physica D 49 273-94

Byrnes G B, Haggar F A and Quispel G R W 1999 Sufficient conditions for dynamical systems to have
pre-symplectic or pre-implectic structures Physica A 272 99-129

Capel H W and Sahadevan R 2001 A new family of four-dimensional symplectic and integrable mappings
Physica A 289 86-106

Grammaticos B, Nijhoff F W and Ramani A 1999 Discrete Painlevé equations The Painlevé Property. One
Century Later ed R Conte (Berlin: Springer) chapter 7 pp 413-516

Iatrou A 2003 Higher dimensional integrable mappings Physica D 179 229-53

Kassotakis P G 2006 The construction of discrete dynamical systems PhD Thesis University of Leeds

Mikhailov A V, Shabat A B and Sokolov V V 1991 The symmetry approach to classification of integrable
systems What is Integrability ed V E Zakharov (Berlin: Springer) pp 115-84

Quispel G R W 2003 An alternating integrable map whose square is the QRT map Phys. Lett. A 307 504

Quispel G R W, Roberts J A G and Thompson C J 1988 Integrable mappings and soliton equations Phys. Lett.
A. 126 419-21

Ritt J F 1923 Permutable rational functions Trans. Am. Math. Soc. 25 399448

Tsuda T 2004 Integrable mappings via rational elliptic surfaces J. Phys. A: Math. Gen. 37 2721-30

Veselov A P 1991 Integrable maps Russ. Math. Surveys 46 1-51

Viallet C M, Grammaticos B and Ramani A 2004 On the integrability of correspondences associated to integral
curves Phys. Lett. A 322 186-93


http://dx.doi.org/10.1016/0167-2789(91)90149-4
http://dx.doi.org/10.1016/S0378-4371(99)00094-1
http://dx.doi.org/10.1016/S0378-4371(00)00314-9
http://dx.doi.org/10.1016/S0167-2789(03)00011-3
http://dx.doi.org/10.1016/S0375-9601(02)01681-X
http://dx.doi.org/10.1016/0375-9601(88)90803-1
http://dx.doi.org/10.2307/1989297
http://dx.doi.org/10.1088/0305-4470/37/7/014
http://dx.doi.org/10.1070/RM1991v046n05ABEH002856
http://dx.doi.org/10.1016/j.physleta.2004.01.013

	1. Introduction
	2. The general construction
	2.1. The QRT map of the plane
	2.2. A degenerate case
	2.3. The 2n-dimensional generalization

	3. Four-dimensional maps
	3.1. Four-dimensional analogues of the two-dimensional McMillan map
	3.2. Four-dimensional maps with three first integrals

	4. Higher dimensional maps
	5. Conclusions
	Acknowledgments
	References

